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1. Introduction. Let X denote a random variable having density function
f(z0) = a(z)/A(6), 6 <z<b< oo, (1.1)

where a(z) is a positive, continuous function on (0,b), A(f) = J2a(z)dz < oo for every
6 > 0, 0 is the parameter, which is distributed according to an unknown prior distribution G
on (0,b). Two typical examples of (1.1) are: (I) the exponential distribution with a location
parameter: f(z]f) = @9, z > 6, and (II) the Pareto distribution: f (z|0) = o[z,
r>0.

We consider the problem of testing the hypotheses Hy : § < 6o versus Hj : 6 > 0y, where
8, is known and 0 < 6y < b. The loss function is [(6,0) = max{€ — 6o, 0} for accepting Ho
and [(9,1) = max{6, — 0,0} for accepting H;. A test §(z) is defined to be a measurable
mapping from (0,00) into [0,1] so that §(z) = P{ accepting Hi|X = z}, ie., 0(z) is the
probability of accepting H; when X = z is observed. Let R(G,6) denote the Bayes risk of
the test & when G is the prior distribution. Given that [5°0dG(f) < 0o,'a Bayes test d¢ is

found as
bc(z)=1 if E[|X=z]200 0da(z)=0 if E[G|X =z]<bo (1.2)

Because E[0]X = z] involves G, the above solution works only if the prior G is given. If G is
unknown, this testing problem is formed as a compound decision problem and the empirical
Bayes approach is used. Let X1, X, --, X, be the observations from n independent past
experiences. Based on X, = (X1,X2,--+,X,) and X, an empirical Bayes rule d.(X, 5{:")
can be constructed. The performance of d, is measured by R(G,é,) — R(G,dc), where
R(G,6,) = E[R(G, 86:1X,)]- The quantity R(G,6,) — R(G,d¢) is referred as the regret
Bayes risk (or regret) in the literature.

This empirical Bayes approach was introduced by Robbins (1956, 1964). Since then,

it has been widely used in statistics. For the family (1.1), some problems of statistical



inference based on the empirical Bayes method have been considered by Prasad and Singh
(1990), Liang (1993), Datta (1994), Huang (1995), Balakrishnan and Ma (1997), Huang and
Liang (1997), Ma and Balakrishnan (2000), among others. In this paper, we consider the
testing problem and study the empirical Bayes tests for the family (1.1). The optimal rate
of convergence of monotone empirical Bayes tests is obtained and a test with the optimal
rate is constructed.

The paper is organized as follows. In Section 2 we provide a few preliminary results. In
Section 3 we construct a monotone empirical Bayes test 0 and obtain an upper bound of its
regret. In Section 4, a minimax lower bound of the regrets of monotone empirical Bayes tests
is obtained. Since the rates in the upper bound of Section 3 and lower bound of Section 4
coincide, the optimal rate is identified. As a byproduct, we see that 4, achieves the optimal
rate of convergence. The proofs of main results in Section 3 and 4 are given in Section 3.

2. Preliminary. We assume that P(6 > 6o) - P(6 < 6o) > 0 in this paper. If P(6 >
6o) = 0 or P(8 < o) =0, we know which action we should take regardless of the value of .
For example, if P(8 < 6p) = 0, we accept H; always. So both two cases are excluded in the

testing problem. We also assume pg = [3°0dG(6) < oo so that the Bayes analysis can be
carried out.

Let fo(z) = J f(z|0)dG(0) be the marginal pdf of X, and ¢g(z) = E[8|X = z] be the
posterior mean of 6 given X = z. Note that ¢c(z) is increasing and ¢¢(6o) < fo. Then the

Bayes rule stated in Section 1 can be represented as
be(z) =1 if ¢a(z) = b0 <= 2 2 CG; Sc(z) =0 if ¢e(x) < b <=z <Cc-

where c¢ = inf{z € (6o,b) : dc(z) = 6o}. cc is called the critical point corresponding to G.
Since the Bayes rule d¢ is characterized by a single number cg, a monotone empirical
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Bayes test (MEBT) can be constructed through estimating cg by cn(X1, Xo, -+, Xn), say,

and defining

1 if z2ecp,
On = (2.1)

0 if z<ec,

Then the regret of 4, is
(o)
R(G,6,) — R(G,86) = E / w(z)a(z)dz, (2.2)
Cn

where w(z) = ag(z)[fo — ¢c(z)] and ac(z) = [ dG(0)/A(0).
To consider the rate of convergence of R(G,d,) — R(G,d¢), we assume that for some

r > 1, ag(z) is r-times continuously differentiable and fori=0,1,---,r,

sup Iag) (z)| < By < 0. (2.3)
90/2<I<b

Furthermore, we assume that

g(cg) = G'(cg) # 0. (2.4)

LY

From (2.3), we know that ¢¢(x) is continuous. Then cg > o since ¢c(6o) < bo. Also, from

(2.3) and (2.4), 6 < b since A(b—) = limzy A(z) = 0.

3. An upper bound. We shall construct a MEBT and find an upper bound of its
regret. The kernel method is used in the construction. Let Ko(y) be a Borel-measurable,

bounded function vanishing outside the interval [0, 1] such that

1 1 if §=0, '
fo v Ko(y)dy = (8.1)
0 if j=1,2,---,m

Suppose |Ko(y)| < B. Denote Ki(y) = f§ Ko(s)ds and u, = n~ Y@+ For any z € (0,b),

define
0 — z o Ko(2258) 1 o Ky(B2X)
)= ey ni a(%)
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It is shown later that W,(z) is a consistent estimator of w(z). Since P(6 < 65) > 0,

ag(z) > 0 for = > bo. Thus ¢cg = f(,bo Tw(z)>0dT + 6. Let
dn
Cn = /0 I, (z)>01d7 + 6o, (3.3)
0

where

(6o +1nn) Ab if  a(b—) >0,
dn =
inf{z > 6o : a(z) < u'P} A (6o +1Inn) Ab if a(b—) =0.

Then we propose a monotone empirical Bayes test 0.(z) by

1 if x2cg,
- (3.4)

Note that d,, — b. As d, > cg,
CcG . dn.
en— g = — /9 TIw@)<0jdz + / Iw, =)>0d2- (3.5)
0 cG

Note that &, is a monotone rule. It has good performance for small 'samples (See Van
Houwelingen (1976)). Next we show that 8, is a good procedure not only for small samples
but also for large samples.

From (2.3), w/(z) is continuous and w'(z) = g(z)(8o — z)/A(z). Since g(cg) # 0 and
cc > 0o, w'(cg) < 0. Then w'(z) < 0 in a neighbourhood of cg. For € > 0, define
A, = min{-w'(z) : z € [ca—¢, cc+e€]}. Suppose e > 0 such that fy < co—€g < cetég < b

and A, > 0. Then for 0 <€ < ¢g, Ac> A, > 0.

Lemma 3.1. Leta and @ be the supermum values of a(z) and —w'(z) on [cc—€a; ca +€c]

respectively. Then

R(G,8,) — R(G,d¢c) < (6o + pc)ectE(c, — cg)* + 1/2awE(c, — ca)’. (3.6)




Lemma 3.2. Let M = B2c%{3 + 16B.[a(cc)])*}. Then

(3.7.1) lim nTH E(c, — cg)? < M/[a(ee)w'(ce)l?;  (3.7.2) Jim n# 4 E(c, — cg)* = 0.

The proofs of Lemma 3.1 and Lemma 3.2 are given in Section 5. Note that, as g — 0,

@b — a(cg)|w'(cc)|- Therefore the previous two lemmas give the following theorem.

Theorem 3.1. Let M be the number defined in Lemma 3.2. Then

lim n#F[R(G,6,) — R(G,d¢e)] < M/[2a(ce)lw'(ca)ll- (3.8)

n—oo

To consider the uniform convergence rate of d,, we define a class of prior distributions.

Denote
G = {G : G satisfies g < po, (2.3),¢c0 < ce < po, Er[r}in_ | lw'(z)|'> L}, (3.9)
z€(e0,p0

where po < 00, 8 < o < po < b, & = (co + 60)/2, Po = (200) A ((po + b)/2) and L > 0.

Assume that G is not empty in the following.

Theorem 3.2. For somel >0,

sup[R(G, 6,) — R(G,5g)] < 1-n~ 7 (3.10)
Geg

4. A lower bound. We shall obtain a minimax lower bound for the regrets of all
monotone empirical Bayes tests first. In the following parts of this paper, li, lp, --- stand
for the positive constants, which may have different values on different occasions.

Let C be the set of all estimators ¢ with ¢t > 0 and let D be the set of all empirical

Bayes rules of type (2.1) with ¢, = ¢}, € C. Let F = {fc(z) = [ f(z|6)dG(0) : G € G} and



cs be the critical points corresponding to f € F.

Lemma 4.1.

> lysup{(cs, — sz)z : /[\/fl(i’?) -y f2(-’13)]2d$ <l/n, fi,f2 € F}.

Suppose that G; € G with density g1(6) and cf, € (co, po)- Let 92(0) = (1+ulpn) g1 (0)+
UL_IA(H)H(Q:;—?L)]I[Q>0], where pn = [, A(cy, +tun)H(t)dt and H(t) is a function such that
(1) it has support [—1,1], (2) [ H(t)dt = 0 and [0, H(t)dt # 0, and (3) it has bounded

derivatives upto order . Let fi(z) = a(x) fé” gﬁ%dé fori=1,2.

Lemma 4.2. Asn is large, fo € F,

[ W@~ VA <l and (e, o)’ 2

Theorem 4.1. For somel >0,

inf sup(R(G,52) — R(G,6c)) = U,
85€D Geg

Theorem 4.1 says that n~TH is the best possible rate of convergence. With the result in
(3.10), we conclude that n~ZH is the optimal rate of monotone empirical Bayes tests and 0,

defined by (3.4) achieves this rate. So 5, has good performance not only for small samples

but also for large samples.

5. Proofs.




5.1. Proof of Lemma 3.1. From.(2.2),

R(G,6) = R(G.66) < Blljeseci) | w(@)a(o)da] + GEUjer—coiseol | wla)a(s)da]

< (6o + pe)eg E(cn — cg)* + 1/2awE (¢, — ch)2,

where [5¢ w(z)a(z)dz < (6o + pc) and by Taylor expansion

ca
J{jea—col<ec] /Cﬂ w(z)dz = —1/2 X W (&)(en — ¢6) [jen—cslsee) < 1/20(cn — c)*.

5.2. Proof of Lemma 3.2. Recall A, > 0 for € < eg. For € < €g, Let n; = cg — € and
Ny = cg + €. Rewrite W, (z) = %Z}‘:l Vo(Xj, z), where

bo—z Ko(324) _ Ky (55
Un a(X;) a(X;)

Vn(X.'i:x) =

Note that V,(X;,z) are iid. with for fixed z and n. Let wn(z) = E[Va(Xj,2)], Zjn =
Vo(X;,5) —wa(z), 02 = EZ2, and v, = EJ[|Z;n[*]. Denote p, = min{a(z) : = € [m—un, nol}-

Then we have the following lemma. Its proof is given in the subsection 5.5.

Lemma 5.1. The following statements hold for large n.
(i) For z € [0o,m) U (m2,b), |w(z)] > €Ac as € < eg;
For z € [0o,d,], |lw(z)| < (200 + Inn)B;.
(i) For all z € [6o,dy], |wa(z) — w(z)| < B.Bujz = 1/26(z).
(i) For z € [m1,7m0), 02 < m(pntn)™t, m = (02 — 6o + un)?>B?B,;
For z € [60,dy], 02 < la(Inn)u, /3.
(iv) For = € [n1,m2), Y < la(patin)™2; For z € [0, dn], 7o < lo(ln n)3u, 83
(v) For z € [6o,dn), w(z) > B(z) = wa(z) > 1/2w(z).

(vi) For z € [0o,dy,), w(z) < —B(z) = wa(z) < 1/2w(z).

Since ¢g < b, assume that c¢ < d,, for all n without loss of generality. Based on (3.5), we
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decompose ¢, — ¢ as follows:
Cn—CG=—I1—-I3—Is+I2+I4+Is, (5.1)

where

= [1%, Iw,.@)<0dz, I = [ Iwa(2)>04%,
= [ Iiw, m)<om@)<Bm)dT, 1a = I [Wa()>0(2)2~Bn) 9%
Is = [;¢ Iw,(@)<00@)>p@)d%; 16 = S I, (2)>0,0(2) <—B(n2)) 42+

Note that E(cy — cg)? < 2{Eldnly + I§ + IZ + dulo + I + I2]}. To prove (3.7.1), we want

to show that

(6.2.1) lim lim E[d,I; + I3 + IZ] <

€0 =00 = 4fa(ce)w'(ce)l*’
and
(5.2.2) lim lim Eld. I+ I} + I3) < M
h €0 100 4 6l = 4[a(CG)wI(CG)]2'

We only prove (5.2.2). The proof for (5.2.1) is similar. For w(z) <'—pB(z), wa(z) <

1/2w(z) < 0 from (vi) of Lemma 5.1. Then we have

P(Wa(z) > 0) =

\/' gZ‘?n \/—wn(x) szn —\/—w(a:))

Applying Theorem 5.16 on page 168 in Petrov (1995) to the left-hand-side of the above

no? j=1 20,

inequality, P(Wa(z) > 0) < [1 — (\/_ Iw(z)l)] \/_[2an+ flw(w)I]3 = Sp(z) + Tn(z), where

A is a constant and ®(-) is the cdf of N(0,1). For o € [72,dn), w(z) < —€Ae. Then
w(z) < —B(z) as n is large since upd, — 0. Then P(W,(z) > 0) < Sn(z) + Tn(z). Note
that 02 < ly(Inn)?u;*/? and 1, < ly(ln n)*u;%/3. Then Su(z) < 1—®(n'/4) and Tp(z) < nt

as n is large. Thus
dn
E[L) = dn/ P(W,(z) > 0)dz < d2[1 — ) +n7l = o(n~/Cr1)), (5.3)
2

For = € [cg,m2), |w'(z)| > A.. Then 7 < AZ?" I[w(x)z_ﬁ(m)]w’(:c)da:F < AZ?[B(n2)]? by

9




letting y = w(z)/B(n2). Therefore

lim lim n®FI? < [2B,Beg/w'(ca))*. (5.4)

e—0 n—00

By Holder inequality,

2 2
IHE _ P(Wa(@) > Ohw(@)P oy <-semide X [ 1@ fiutar<-sernde

Similar to I, [ |[w(2)| " jw(@)>-amde < 1/{2A[B(n2)]’}. Since w(z) < —f(nz) < —H(z)

for all = € [ca,M2], P(Wa(z) > 0) < Sp(z) + Tn(z) and
B2 < /A0 [ S+ [T T@w@Pdal. (65)

For € [ca, M2}, 02 < m(Pattn) ™!, Yo < I3(pntn)~2. Therefore

[ su@ui)ras <o [M - @(___\w ()P (2)ds < Z(‘%’ (5.6)
and
/: T (z)|w(z)[*dz < 8Alse/(n*ulp?). . (5.7)

Combining (5.5), (5.6) and (5.7), we have

lim lim n®+ E[I2] < 3B%%/[2a(ce)w'(cc)], (5.8)

e—0 n—o0

Then (5.2.2) follows (5.3), (5.4) and (5.8). Thus (3.7.1) is proved. (3.7.2) can be proved
similarly. The details are omitted here. Now we complete the proof of Lemma 3.2.

5.3. Proof of Lemma 4.1. Denote C = {&, = ¢, Ve Apo : ¢, € C}. For ¢, € C,
&, =c VoA po €C. Define a = {a(z) : € [co, po]}- Then a > 0 and
cc
En

/CCG w(z)a(r)dz > /E:G w(z)a(z)dz > gf w(z)dz = _%w'(gn)(én ~ o),

n

where &, is an intermediate value between ¢, and cg. Clearly, ¢, € [co,po]. Therefore

[w'(&.)| > L. Then [ w(z)a(z)dz > i (&, — cg)* and

inf sup E[/CG w(z)a(z)dz] > i inf sup E(G, — cc).
ch€C GeG cn en€C Geg

10




Note that € C C. Using (2.2),

inf sup[R(G Y — R(G,é¢)] > 1y inf_sup E(C, — cg)? > Iy inf sup E(c} — cc)>.
6.€D ceg en€C Geg ch€C Geg

From the results in Donoho and Liu (1991) (Theorem 3.1 and the remark after Lemma 3.3),

mf sup F(c;, — cg)? > lisup{(cs, — ¢p) /[\/fl(:v — / fo)] \2dz < lo/n, f1, f2 € F}.

c€C geg

Then Lemma 4.1 is proved.

5.4. Proof of Lemma 4.2. Clearly, as n is large, co < ¢, —Un < Cfy +Un < po,
g2(6) > 0 and ¢;, € (co, po). Then f, € F. Note that JEH((0 — cp,)/uzt)db = 0 for z < co
or z > po, and fi(z) = 0 => z < 6 = fo(z) = 0. Also for G e g, [s2dG(0)/A6) >0

Then

Whi(@) = JAREF < Iip@>olfi(@) = fo(@)]*/ filz)

2r—2 91(0) ;-1 —Ch 2r 2
< b Gy ate)l [ )0 + 2 i fo(a)}
Note that p. = [1; Acs, + tus)H(t)dt = O(u,) and

/O ” a(@)] / gl cfl " < i /_ a(cs, + ytin)| / H(t)dt]2dy = O(ud).

Then we have

[ WA@ — Vfa@)Pde < b0 + O )] < b/

On the other hand, we have [’lﬂz(Cfl)] = [wa(cs,) — wales)? = [wh(é5,)1*(cs, — c5,)?, where
&, is an intermediate value between ¢y and cp,. It is easy to see that [w)(Zp))* < 1/L-
Then (¢, — ¢f,)? = li[wa(cy,)]?. Note that

— 0
g——cﬂdezzlgu” 6y — ¢ + tun ) H (t)dt]?
u n 1 f1

n

fun(en ) 2 b2~ (60 — ) H(

and [°, H(t)dt # 0. Therefore (cs, — ch)t > lsn~%+1. The proof of Lemma 4.2 is complete
now.

11
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5.5. Proof of Lemma 5.1. Noting that w(z) is decreasing on (6o,b) and w(ce) = 0,
lw(z)| > jwlce — &) Alw(ce + €)| for € (6o,m1) U (12, b). Since w'(z) > A for = € (n1,72),
lw(cg — €)| > Ace and |w(ce +€)| 2 A.. Then |w(z)| > Ace. On the other hand, since
¢o(z) < z and ag(z) < B;, fw(z)| < (260 +1n n)B, for z € [6o,d,). Then (i) is obtained.

With loss of generality, assume that u, < 6o /2 for all n. It is easy to verify that w(z) =
(6 — x)ac(z) + f5 ac(s)ds. A straight forward computation shows that for = € [6o, dx],

|E[Vo(X;,2)] — w(z)] < up(z — 0o + un) B, B. Then (ii) is proved. Note that

1 1
2 « . 2 =/ - -

[(Go — z)Ko(t) — un K1 ()2ac(z — uat)dt.
Therefore 62 < m(pata)™ for = € [n1,72] and o7 < (I n)2u;4? for z € [fo,dn]. The
results for 7, can be proved similarly. This completes the proofs of (iii) and (iv).

For z € [6o, da], if w(z) > B(z),

wa(z)  w(z) + [wa(z) — w(z)] S w(z) — B(z) + 1/26(z) S
w(zx) w(z) = w(z) - B(z) + B(z) :‘ 2

Then (v) is proved. (vi) can be proved in a similar way.
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